We present theoretical single to quintuple ionization cross sections for Ne, Ar, Kr and Xe bombarded by H + and He + . Post-collisional contributions due to Auger-like processes are taken into account using recent photoionization data. The present continuum distorted wave-eikonal initial state (CDW-EIS) and first Born approximation results are compared with the experimental data available in the energy range of 50-10 000 keV amu −1 for H + on Ne and Ar, and 50-1000 keV amu −1 for the other cases. In general, the combination of the CDW-EIS with the post-collisional branching ratios describes well the multiple ionization data above 300 keV amu −1 , showing a clear tendency to coalesce with the first Born approximation at high energies. The surprising result of this work is the good performance of the first Born approximation which describes rather well the experimental data of double and triple ionization, even in the intermediate energy range (50-300 keV amu −1 ), where direct ionization is the dominant contribution.
Introduction
Multiple ionization is a complex problem in atomic collisions, even more so when dealing with heavy targets [1] . There are many processes to be considered, such as direct multiple ionization, inner-shell ionization followed by post-collisional electron emission, like Auger, Coster-Krönig and shake-off processes [2] [3] [4] [5] [6] [7] , which often occur in succession generating a vacancy cascade and highly charged ions [8] .
It has only recently been observed that the combination of the independent particle model with ratios of multi-charged ion production obtained from photoionization experiments leads to good results for multiple ionization in the MeV regime, where post-collisional electron emission plays a relevant role [9] [10] [11] [12] [13] . However, the complexity of calculations within the independent electron model restricted the theoretical effort to Ne and Ar targets, while the experimental data go beyond the quadruple ionization of Xe. There are previous theoretical calculations for multiple ionization of Ne up to Xe but performed within the free-electron gas approximation [14] .
The aim of this work is to present new continuum distorted wave-eikonal initial state (CDW-EIS) calculations for multiple ionization cross sections of Ne, Ar and, for the first time, Kr and Xe. The projectiles considered were protons and He + . Furthermore, we include new results obtained within the first Born approximation and using the same potentials and numerical code.
The post-collisional ionization (PCI) or Auger-like process plays a major role in the final charge state distribution for projectile energies above 100 keV amu −1 for the Ar target and, for lower energies, for Kr and Xe targets. We take into account this contribution to the multiple ionization following Spranger and Kirchner [10] , by using the branching ratios of charge state distributions from photoionization data.
The advent of attosecond physics caused time evolution of Auger relaxation processes in atoms and solids to attract increasing attention [15] [16] [17] . New measurements have been performed in the last 20 years using synchrotron radiation together with time-of-flight spectroscopy and coincidence techniques [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] . In this work we review photoionization branching ratios from the pioneering works by Carlson, Krause and co-workers [2] [3] [4] [5] [6] [7] up to the present.
The work is organized as follows: in section 2 we present the theoretical developments for direct multiple ionization and for multiple ionization including PCI. We also include in this section a tabulation of the available branching ratios for Ne, Ar, Kr and Xe after single photoionization. In section 3, the results for single up to quintuple ionization of rare gases by H and He + are presented and compared with the experimental data available.
Finally, the conclusions are drawn in section 4. Atomic units are employed throughout this work, except where specifically mentioned.
Theoretical developments

Direct multiple ionization
Within the independent particle model, the probability of direct ionization of exactly q μ electrons of the μ-subshell (among a total of N μ electrons in the subshell) is calculated by a binomial distribution of the single-ionization probabilities p μ [1, 32] as follows:
where the probabilities p μ = p μ (b, v) are the functions of the impact parameter b and the impact velocity v. Note that we use the Greek index μ to specify the quantum number of the initial state. We consider μ = 2p, 2s, 1s for Ne; μ = 3p, 3s, 2p, 2s for Ar; μ = 4p, 4s, 3d, 3p, 3s for Kr; and μ = 5p, 5s, 4d, 4p, 4s for Xe. Obviously, in all theses cases we have full shells so N 1s = · · · = N 5s = 2; N 2p = · · · = N 5p = 6; and
If a total of i target electrons is ionized from the different subshells, i = μ q μ , then the total probability of direct ionization of i electrons as a function of the impact parameter is the product
The main and more sensitive parameter within this multiple ionization formulation is the ionization probability p μ (b, v) . Different models are available in the literature to deal with its calculation, for example the time-dependent solution of the Schrödinger equation using the basis generator method [10, 11, 33] ; the CDW-EIS with Roothaan-HartreeFock orbitals and effective Coulomb continuum factors [12, 34] ; or the semi-empirical exponential model [12] . All of them have been employed to describe multiple ionization of Ne and Ar. In this work, we calculate new and detailed ionization probabilities as the functions of the impact parameter for Ne, Ar, Kr and Xe by using the CDW-EIS and the first Born approximation as described next.
CDW-EIS and first Born calculations
We calculate the T-matrix elements following the same procedure as of previous papers [35, 36] . Summarizing, for each state characterized by the quantum numbers n and l, a target central potential is determined from the Hartree-Fock wavefunctions. The initial (bound) and final (continuum) electron wavefunctions are expanded in products of spherical harmonics and radial wavefunctions, obtained through the numerical solution of the radial Schrödinger equation [37] . To deal with dressed projectiles, we use an effective charge defined in terms of the momentum transfer extracted from the first Born approximation. This strategy has been successful in explaining the experiments of total ionization cross sections [38] .
It is convenient to expand the T-matrix element for a given angle ( ), energy (E) of the ejected electron and momentum transfer ( − → η = {η, ϕ η }) as follows:
We integrate numerically the matrix elements for different angular momenta and add them appropriately. To be consistent, the maximum value M was considered to be the maximum angular momentum used to solve the Schrödinger equation. For practical purposes, all these T m (E, , η) Using equation (3) we can calculate the transition amplitudes as a function of the impact parameter − → b with the help of the two-dimensional Fourier transform
After some simple algebra, equation (4) can be written as
with
and J m (bη) being the cylindrical Bessel function. The total probability to be used in the binomial forms is obtained after integrating in the ejected-electron space:
It is convenient to recalculate the total cross section as
to check the calculation. At most, differences of very few per cent are observed when compared with the total cross section integrating directly on − → η .
In order to achieve convergent results we include very large impact parameters. For instance, for the outer shells we need to consider impact parameters as large as 60 au. The CDW-EIS and Born approximation were calculated on an equal footing.
As usual, total cross sections are calculated involving the sum over all the relevant states of the target. In this work we extend it to include two complete shells: i.e. for Ne (nlm = 2p 0±1 , 2s and 1s), Ar (3p 0±1 , 3s, 2p 0±1 and 2s), Kr (4p 0±1 , 4s, 3d 0±1±2 , 3p 0±1 and 3s) and Xe (5p 0±1 , 5s, 4d 0±1±2 , 4p 0±1 and 4s). The CDW-EIS calculations require a huge amount of computing time-about a few months-in our small cluster.
Multiple ionization including PCI
The PCI, as a generalization of all the time-delayed electron emission processes, is essentially independent of the nature of the primary ionization event [1] , and can be considered separately. It is present not only in atomic targets [9] [10] [11] [12] 14] but also in collisions with molecules [39, 40] .
As noted by Cavalcanti and co-workers [9] , for high impact energies, the experimental data for multiple ionization cross sections show almost the same slope as the single one [41, 42] . Moreover, for Kr and Xe the measurements of triple and quadruple ionization cross sections around 1 MeV are two orders of magnitude above the theoretical estimations for direct ionization by the multinomial expression (2). These facts reveal the importance of PCI in the multiple ionization at high energies [13] .
If F μ,k is the branching ratio of single ionization of a certain μ-subshell followed by PCI of k electrons of the outer shells (Auger cascades), ending with an ion charge state k + 1, then
The maximum number of post-collisional emitted electrons, k max , depends on the initial single-ionization state. The term p q μ μ of equation (1) can be written as follows:
Replacing (9) in (1), the probability of direct multiple ionization of q μ electrons from the μ-subshell can be rewritten as
The final number of the emitted electrons, considering direct ionization plus PCI, varies from q μ (k = 0, no Auger emission) up to q μ + k max . The expansion and rearrangement of equation (10) , in order to put together those terms which contribute to the same number of final emitted electrons, gives
We can interpret P μ (q μ , k) as the probability of direct ionization of q μ electrons followed by PCI of k more electrons, so that finally α μ = q μ + k electrons are emitted. For q μ = 1
For q μ > 1, the first four
with H (x) being the Heaviside function, so that the third term in P μ (q μ , 3) only appears for q μ > 2. Then, the probability ℘ PCI μ (α μ ) of emission of α μ electrons, no matter how many electrons come from direct ionization of the μ-subshell and how many electrons are emitted by PCI, will be the addition of
with P μ (α μ , k) being those of equation (13) . In this way, the single-up to triple-ionization probabilities including PCI,
Finally, if we replace (2), we obtain the total probability of multiple ionization of i electrons, including PCI, as follows:
As the method employed is unitarized, the following closure relations hold: 
Branching ratios of the charge-state distribution after photoionization
Production of multiple-charged ions by cascades of deexcitations following direct photoionization of inner-shells has been studied both experimentally and theoretically [43] . In the early works by Carlson, Krause and co-workers, the initial inner-shell vacancies were produced with x-ray tubes [2] [3] [4] [5] [6] [7] .
A new wave of interest in the problem of multiple-charged ion production has arisen in the last few years with the advent of new experimental techniques for photoionization research [44] [45] [46] . Pioneered by Krause et al [4] , the photoelectron-ion as well as Auger-electron-ion coincidence measurements permit us to accurately determine the total yield of Auger-electron emission processes for vacancies in different shells of various atoms [44] , and to exclude multiple ionization upon creation of an initial vacancy. Results are obtained in coincidence between the photoelectron lines and slow electrons in the 0-30 eV kinetic energy range [30] .
In table 1, we present a rather complete compilation of different experimental branching ratios, F μ,i of equation (8), for Ne, Ar, Kr and Xe due to an initial single vacancy in the μ-subshell. The vertical sum of each column is equal to 1. In this work, we use the ratios indicated with bold numbers in table 1.
Auger emission in these targets is energetically possible for initial vacancies from the deepest to the subvalence shells [43] . This fact, already mentioned by Krause and Carlson [4, 6] and Saito et al [20] , is expressed in table 1 in the columns 2s for Ne, 3s for Ar, 4s for Kr and 5s for Xe with F μ,i = δ i,0 (meaning that single ionization of these shells does not contribute to PCI [4, 6, 7, 21, 23, 28, 43] ). This is an important point because in recent works [9, 10, 12, 42] , the PCI of Ne and Ar targets were included by using the experimental data of table IV by Carlson et al [3] . These values represent the charge-state distribution after photoabsortion of x-rays with energies chosen in order to determine the shell that dominates the vacancy production; however, photoabsortion can take place in any shell whose binding energy is smaller than the x-ray energy. Moreover, in previous works, Carlson, Krause and co-workers published their measurements corrected to exclude outer-shell ionization ( [2] for Ne, [6] for Ar, [7] for Kr). For instance, K-shell photoionization of Ne includes K-and L-shell ionization. The measurements by Carlson and Krause appear in both columns 6 and 7 of table 1, but in column 6 they are corrected to exclude L-shell ionization. Note that these corrected values for 1s single photoionization of Ne by Krause et al [2] in the 1960s are in very good agreement with the most recent ones by Landers et al [18] using COLTRIMS techniques.
The values displayed in column 9 of table 1 for Ne Lshell ionization correspond to 850 eV x-ray energy (just below the K-shell binding energy) and not to PCI after a 2s single vacancy. As expressed by Krause and Carlson [4] , the filling of a 2s hole by the Auger process is difficult to defend as it is endothermic. The first and second ionization potentials for Ne are 21.6 and 40.9 eV, respectively, so these ratios may include 2s and 2p multiple initial vacancies or PCI following 1s photoexcitation of Ne to a Rydberg state [48] .
The same arguments are valid for Ar: the values displayed in column 9 of table 1 for M-shell ionization correspond to measurements with a photon energy just below the L-shell ionization threshold and not to Auger after the creation of a single 3s hole [3, 6] .
In summary, the values of Carlson that should be used combined with direct ionization calculations for Ne and Ar are those in table 1 
Results and discussion
We compare in figure 1 our CDW-EIS and Born results for direct multiple ionization cross sections of Ne by H + and He + , with the theoretical curves by Kirchner and co-workers [10, 33] , and by Galassi et al [12] in the energy region between 40 and 1000 keV amu −1 . To make the comparison among these calculations clearer, we have not considered any PCI in the results shown in this figure. All these curves are obtained within the independent electron model and employ the same binomial distribution for the direct multiple ionization as given by equation (2) . We also include in this figure the experimental data by Cavalcanti et al [41] and DuBois [49] .
We can observe in figure 1 that the theoretical results agree rather well for single ionization, but the differences among them become larger as the ionization level increases from single to triple or quadruple ionization, showing that the calculations are very sensitive to the impact-parameter dependence.
Figures 2-9 summarize the main results of this work. We display in these figures multiple ionization cross sections [12] ; -· · -Spranger et al [10] ; experimental data: , Cavalcanti et al [9] ; , DuBois et al [49] . (b) Curves: --CDW-EIS; · · · · · · Born; -· · -Kirchner et al [33] ; experimental data: , Santos et al [53] ; , DuBois et al [50] .
(single to quintuple) of Ne, Ar, Kr and Xe, by the protons and He + (1s) impact, calculated with the CDW-EIS and the first Born approximations. These calculations were performed for direct multiple ionization, using equation (2), and for total multiple ionization including PCI, using equation (16) , so that two curves (with and without PCI) are displayed in each case. No electron transfer processes are included.
In all the figures, the theoretical curves are compared with the available experimental data. In general, we performed calculations in the energy range from 50 to 1000 keV amu −1 , because there are no experimental cross sections available for higher energies. The exceptions are the cases of H + in Ne and Ar, for which we have extended calculations with the first Born approximation up to 10 MeV.
As mentioned in section 2.4, multiple ionization cross sections including PCI have been obtained by using the ratios in table 1 indicated with bold numbers. As can be observed in this table, the branching ratios that correspond to single photoionization measurements are quite similar, and the differences in the total cross sections by using different sets of values are small. [3] . Experimental data: , Cavalcanti et al [9] ; , DuBois et al [49] ; •, Andersen et al [51] ; , electron-impact data by Schram et al [52] .
Neon
Figures 2 and 3 show our theoretical results for the H + and He + impact on Ne, respectively. In figure 2 we display only single to triple ionization cross sections, because no experimental results were found in the literature for higher ionization states. For He + on Ne, in figure 3 , the quadruple ionization measurements by DuBois [50] are also included. Curiously, the first Born approximation describes very well the multiple ionization of Ne by protons, being even better for the He + impact. The CDW-EIS describes single ionization better than the Born approximation, but the multiple ionization results underestimate the data for the lowest energies considered, and get closer to the Born calculations for energies above 500 keV amu −1 . It can be observed in figures 2 and 3 that the separation between the results with and without PCI (solid and dotted lines) is very small for single and double ionization, but begins to be noticeable for triple ionization at impact energies above 500 keV amu −1 , where the K-shell ionization starts to be significant.
In the case of H + on Ne, shown in figure 2 , the theoretical description underestimates the data for double and triple ionization above 1 MeV. In previous works [9, 10, 12] , the values from Carlson et al [3] for ion charge states after [9] ; , DuBois et al [49] ; •, Andersen et al [51] . Also included electron-impact data: , McCallion et al [54] ; and +, Syage [55] . [9] ; , DuBois et al [49] ; +, electron-impact data by Syage [55] . photoionization of the L-shell were interpreted as rates of Auger emission after single vacancy in the 2s-subshell. But, as mentioned in section 2.4, no Auger decay is expected to occur after single vacancy of the 2s-subshell [2, 4, 20, 43] .
If we perform the multiple ionization calculation combining our present CDW-EIS with the ratios of Auger emission shown in column 9 of table 1 (possible 2s contribution to PCI), instead of column 8 (no PCI after 2s single ionization), the triple ionization results agree well with most of the experimental data (Cavalcanti et al [41] , Andersen et al [51] and Schram et al [52] ). However, the same ratios do not change the double ionization cross sections.
These results indicate that the theoretical description of double and triple ionization of Ne at high energies requires improvement related to multiple-ionization channels not considered here as, for example, the K-shell excitation followed by outer-shell ionization, i.e. PCI of Ne 1s −1 3p and Ne 1s −1 4p due to resonant Auger shake-off decay, or Auger decay followed by autoionization [48] .
Argon
Single to quintuple ionization of Ar by the H + and He + impact from intermediate to high energies were calculated with the CDW-EIS and first Born approximation. In figures 4 and 5, we include the corresponding theoretical curves compared with the available experimental data. [9] and + Syage [55] for the electron impact.
Again, the CDW-EIS results converge to the Born ones for the highest energies considered and underestimate the data for the lowest ones. The first Born results for double and triple ionization provide surprisingly good agreement with the experiment within the whole energy range. For quadruple and quintuple ionization, this good agreement occurs only for impact energies above 200 keV amu −1 .
The CDW-EIS shows very good results for single ionization in the whole energy range of figures 4 and 5, and above 200 keV amu −1 for double and triple ionization. It can also be observed that the CDW-EIS describes better than the Born approximation the experimental data for quadruple ionization.
The influence of the PCI in these results can be seen in both figures by comparing the differences between the solid and dotted curves. The change in the slopes of the curves at high velocities, following the tendency of the experimental data, shows that the method described in section 2.3 is a good approximation for the inclusion of the PCI to the direct multiple ionization. For instance, for the proton-impact case at 1 MeV, triple ionization with PCI is one order of magnitude larger than direct triple ionization, this factor becoming even larger for quadruple and quintuple ionization. This enhancement is due to the contribution from Auger emission after single ionization of the L-shell. Multiple ionization is a test of the theoretical description for the inner-shell ionization. The higher the final charge state, the deeper the dominant shell. 
Krypton
Figures 6 and 7 show two of the main results of this work. They show the first theoretical calculation of multiple ionization of Kr by H + and He + . These figures reproduce well the experimental measurements of two groups, DuBois et al [49, 50] and Montenegro and collaborators [9, 53] . We also include in figure 6 the electron-impact results from [55] at high velocities. We can observe that the first Born approximation results, displayed in figure 6, are again in very good agreement with the experiment even for the quadruple ionization.
For He + in Kr, in figure 7 , the CDW-EIS curves agree better than the Born approximation with the experimental data, following the experimental tendency for low energies, up to 40 keV amu −1 . In this case, we also show the quintuple ionization cross sections, which agree with DuBois [50] measurements.
Both theoretical curves converge at high energies, with (solid lines) or without (dotted lines) PCI. These high-energy values (above 500 keV amu −1 ) agree quite well with the experimental data for the H + impact [9, 49] , but for the He + impact above 700 keV amu −1 they overestimate the data by Santos et al [53] .
Xenon
Multiple ionization of Xe is also theoretically described for the first time. In figure 8 we show our results from single to quintuple ionization cross sections of protons in Xe. To our knowledge, only Cavalvanti et al [41] measured multiple ionization of Xe by protons, and for energies above 750 keV amu −1 . We also include in this figure the data by Syage [55] for the electron-impact energy above 200 eV. No experimental data exist in the literature for lower energies.
The theoretical description of the data is very good for both models, first Born approximation and CDW-EIS. The experimental values are in the energy region where both curves converge, and are very well described from single up to quintuple ionization.
In figure 9 we display our theoretical results for He + on Xe together with the experimental data by Santos et al [53] . The curves seem to follow qualitatively the slopes of the data, but the differences are a factor 2 for single and quadruple ionization and a factor 3 for double and triple ionization. For He + on Xe, neither Born nor CDW-EIS can explain the experimental results as has been observed for the H + impact in Xe, or with the good agreement shown for the other collisional systems considered here.
Conclusions
In this work we present CDW-EIS and first Born approximation calculations for multiple ionization of Ne and Ar, and, for the first time, of Kr and Xe up to quintuple ionization.
Direct and PCI processes were included. In the case of the direct ionization, the usual multichannel distribution has been employed, while, for PCI, the rearrangement of the multinomial distribution has been considered by using experimental ratios of the final chargestate distribution.
The agreement between our calculations and the experimental data is in general very good, especially for Ar and Kr targets for both H + and He + ions. In the case of H + in Xe, and He + in Ar and Kr, up to quintuple ionization cross sections were calculated and the agreement between theory and experiments is also very good. A curious, and probably fortuitous, result of our calculations is the good performance of the first Born approximation for all the collisional systems. Although this approximation fails when dealing with single ionization, it provides a very good description of multiple ionization even for energies between 50 and 300 keV amu −1 , and, of course, for higher energies, where it coalesces with the CDW-EIS.
Two cases need further work both experimentally and theoretically: the underestimation of the experimental data for double and triple ionization of Ne by protons, and the systematic differences between theory and experiment in the multiple ionization of Xe by He + , not found in the other cases. For the case of H + in Ne, the underestimation in the high-energy region, where PCI is very important, reveals the presence of post-collisional emission channels not included in the calculations, as for example, the PCI after Ne Kshell excitation to Rydberg states. Studies to include this contribution are underway by our group.
